Abstract. Let N be a minimal normal nonabelian subgroup of a finite group G. We will show that there exists a nontrivial irreducible character of N of degree at least 5 which is extendible to G. This result will be used to settle two open questions raised
Introduction and notation
All groups considered here are finite. Let G be a group. Denote by IrrðGÞ the set of all complex irreducible characters of G. Let N be a normal subgroup of G. Let y A IrrðNÞ be an irreducible character of N. We say that y is extendible to G if there exists w A IrrðGÞ such that the restriction of w to N is y, that is w N ¼ y. There are many papers devoted to finding su‰cient conditions for y to be extendible to G (see Gallagher [7] , Gagola [6] and [8, Chapters 8 and 11] ). In this paper, we are interested in the existence problem, that is, under the assumption that N is a normal subgroup of G we ask whether there is a non-trivial irreducible character of N that extends to G. We are mostly concerned with nonsolvable groups. Suppose that N is a minimal normal nonabelian subgroup of a group G. In [3, Lemma 5] , it is shown that there exists a nontrivial irreducible character y of N which is extendible to G. In Theorem 1.1 below, we will show that y can be chosen with yð1Þ d 5. Using this result, we answer two open problems raised by Berkovich and Mann, and Berkovich and Zhmud'. Theorem 1.1. Suppose that N is a minimal normal nonabelian subgroup of a group G. Then there exists an irreducible character y of N such that y is extendible to G with yð1Þ d 5.
Let TðGÞ be the sum of degrees of complex irreducible characters of G, i.e. TðGÞ ¼ P w A IrrðGÞ wð1Þ. Let kðGÞ be the number of conjugacy classes of G and let bðGÞ be the largest irreducible character degree of G. Let N be a normal subgroup of G. Denote by IrrðG; NÞ the set of all complex irreducible characters w of G such that N G Ker w and by TðG; NÞ the corresponding sum of degrees of all characters in IrrðG; NÞ. Hence TðGÞ can be used to estimate kðGÞ. Moreover, as TðGÞ c kðGÞbðGÞ, we can also get a lower bound for bðGÞ in terms of TðGÞ and kðGÞ. The reason that we are interested in the character degree sums comes from a question of Saxl ([9, Problem 9.56]) which asked for the classification of groups in which the square of every irreducible character is multiplicity free. In fact if we could prove that TðG=F ðGÞÞ < bðG=F ðGÞÞ 2 , provided that G is nonsolvable, where F ðGÞ is the Fitting subgroup of G, then a group satisfying Saxl's condition must be solvable. This will limit the possibilities for such groups. The proof for this fact is quite straightforward. Let G be a minimal counter-example to the assertion that the square of every irreducible character of G is multiplicity free but G is not solvable. We first observe that if N t G and w A IrrðG=NÞ then w A IrrðGÞ and every irreducible constituent of w 2 in G is also an irreducible character of G=N so that w 2 is multiplicity free in G=N since it is multiplicity free in G. Thus G=N satisfies Saxl's condition. Secondly, for any w A IrrðGÞ, as w 2 is multiplicity free, it follows that wð1Þ 2 ¼ w 2 ð1Þ c TðGÞ. Now combining these two observations for the quotient group G=F ðGÞ, we obtain bðG=F ðGÞÞ 2 c TðG=F ðGÞÞ, where bðG=F ðGÞÞ is the largest character degree of G=F ðGÞ. As G is nonsolvable and the Fitting subgroup F ðGÞ is solvable, G=F ðGÞ is nonsolvable. Then the inequality mentioned above would provide a contradiction.
Denote by T 1 ðGÞ the sum of degrees of nonlinear irreducible characters of G. Let Irr 2 ðGÞ ¼ fw A IrrðGÞ j wð1Þ > 2g and let T 2 ðGÞ be the sum of degrees of characters in Irr 2 ðGÞ. Observe that if G does not have any irreducible characters of degree 2 then T 1 ðGÞ ¼ T 2 ðGÞ; for example, this is the case if G is a nonabelian simple group. The following result is a generalization of [1, Theorem 8] .
It is well known that a group G is abelian if and only if TðGÞ ¼ kðGÞ. The following theorem shows that the structure of G is very restricted when TðGÞ is small in terms of kðGÞ. This gives a positive answer to [2, Problem 24] . We note that this property does not characterize the solvability of groups. In fact, let G G 3 2 : 2S 4 , which is a maximal parabolic subgroup of PSLð3; 3Þ. We have TðGÞ ¼ 50, kðGÞ ¼ 11, TðGÞ > 4kðGÞ and G is solvable. Now if G G A 5 , then TðGÞ ¼ 16, kðGÞ ¼ 5, TðGÞ < 4kðGÞ and G is nonsolvable. We conjecture that a group G is solvable if TðGÞ c 3kðGÞ.
Preliminaries
Lemma 2.1. Let T be a non-abelian simple group. Then there exists a nontrivial irreducible character j of T that extends to AutðTÞ with jð1Þ d 5. This is essentially [10, Lemma 4.2] or [3, Theorems 2, 3, 4]. However, the fact that jð1Þ d 5 is not explicitly stated there and so we give a proof for completeness.
Proof. According to the classification of the finite simple groups, every nonabelian simple group is isomorphic to the alternating group of degree n d 7, a sporadic group or a finite group of Lie type. We will consider the Tits group 2 F 4 ð2Þ as a sporadic group rather than a group of Lie type. For the alternating group A n with n d 7, the irreducible character j corresponding to the partition ðn À 1; 1Þ extends to S n and jð1Þ ¼ n À 1 d 6. If T is a sporadic group, the Tits group or A 5 , by inspecting [4] , we can see that there exists an irreducible character j of T that extends to AutðTÞ with jð1Þ d 5. Finally assume T is a finite group of Lie type defined over a field of size q ¼ p f , where p is prime. Choose j to be the Steinberg character of T of degree jTj p , the order of the p-Sylow subgroup of T. Then j is extendible to AutðTÞ (see [5] ). Moreover, we can easily check that jTj p > 5 provided that T Z A 5 . Thus jð1Þ d 5. This completes the proof. r 
Proof of the main results
Proof of Theorem 1.1. Since N is a minimal normal nonabelian subgroup of G, there exists a nonabelian simple group T such that 
TðGÞ ¼ a þ 2b þ T 2 ðGÞ; ð2Þ
Since TðGÞ c 2kðGÞ, it follows from (1) and (3) that
and hence c c a:
Since TðGÞ c 2kðGÞ, it follows from (1) and (2) that a þ 2b þ T 2 ðGÞ c 2a þ 2b þ 2c and so T 2 ðGÞ c a þ 2c:
